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The classical equations of water waves are reformulated as a system of two equations,
one of which is an explicit non-local equation, for the wave height and for the
velocity potential evaluated on the free surface. Evaluation of the velocity potential
as a function of the depth is not required in order to calculate the wave height and the
velocity potential on the free surface. The non-local system yields integral relations
related to mass and centre of mass, and is shown to reduce to known asymptotic
limits in shallow and deep water. Included in these asymptotic reductions are the
Boussinesq, Benney—Luke and nonlinear Schrodinger equations. Two-dimensional
lumps with sufficient surface tension are obtained numerically. The extension of this
non-local formulation to the case of a variable bottom is also presented.

1. Introduction

The study of surface water waves is of wide interest in physics and mathematics.
There have been numerous important developments that date back to the time of
Stokes and his contemporaries in the nineteenth century. The literature is extensive
and in addition to research papers and memoirs there are many books which deal
with this subject.

One of the major difficulties in the study of water waves is the determination of the
free surface, which appears as an unknown in the basic formulation of the problem.
For two dimensional water waves, where the free surface evolves as a function of one
space dimension and time, there are various techniques which can be used to eliminate
the vertical coordinate and to reduce the problem to the evaluation of the motion
of the wave height and velocity potential on the free surface. Effective methods used
in the two dimensional water wave problem include conformal mapping and singular
integral equations which make use of complex analytic techniques (see e.g. Longuet-
Higgins & Cokelet 1976; Fornberg 1980; Dold 1992; Zakharov, Dyachenko &
Vasilyevl 2002). For the three dimensional problem, where the free surface evolves as
a function of two space dimensions and time, the situation is more difficult and one
loses the possibility of employing complex analysis.

Zakharov (1968) showed that the wave height n and velocity potential ¢ evaluated
on the free surface are canonically conjugate variables and formulated the water wave
equations as a Hamiltonian system. Craig & Sulem (1993) employed these variables
and introduced an elegant Dirichlet-Neumann operator G(n) associated with the
velocity potential, which eliminated the vertical coordinate from the formulation.
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The operator G(n) is obtained as a series, which is valid for small 5. This formu-
lation was used in Craig & Groves (1994) to find small-amplitude/long-wave
approximations including the Boussinesq, Korteweg—deVries (KdV) and Kadomtsev—
Petviashvili (KP) equations. In Craig & Nicholls (2000) this formulation was
used to prove the existence of travelling periodic water waves. The Dirichlet—
Neumann operator methodology, which employs high-order series approximations
to a modified version of G, was also employed in Bateman, Swan & Taylor (2001)
and interesting computational investigations were carried out. A collection of some
recent mathematical developments in water waves can be found in Craig et al.
(2001).

One of the authors has recently introduced a general approach for studying
boundary value problems for linear and for integrable nonlinear PDEs (see Fokas
2000). A crucial role in this approach is played by a non-local equation, called the
global relation in Fokas (2000), as well as by the equations obtained from the global
relation using certain invariant transformations. The analysis of these equations yields
an explicit Dirichlet to Neumann map. The employment of the relevant global relation
(equation (1.10)) as well as of the proper invariant transformations (k — —k), yields
the basic non-local equation formulated in this paper.

In this study a new explicit non-local formulation of water waves for both 1+1
and 2+1 dimensions is presented. The original equations with unknown boundary
conditions are replaced by an integro-differential equation and a nonlinear partial
differential equation, both of which are formulated in a known domain. The vertical
coordinate is removed from the determining equations. These two equations can be
used to determine the wave height and the velocity potential on the free surface.
From this system well-known asymptotic equations, in both shallow and deep water
with surface tension included, are obtained and agree in the shallow water limit with
the results in Craig & Groves (1994). Furthermore, computational techniques are
developed which provide a framework for performing fully nonlinear water wave
simulations.

The non-local equation satisfying the Laplace equation, the kinematic and the
bottom boundary conditions is found to satisfy the following integral equation in
2+1 dimensions (see §1.1):

/ / dx; duyefo i {in, coshlk(y + )] + (k- V) S K0+ 1) [ki” ] } 0,
ki, ky real, (1)

where n=rn(xy, x2, 1) is the wave height, ¢ =¢(x1, x2, n, t) is the velocity potential
on the surface, h is the unperturbed fluid depth, k =+/k? + k3 and k= (ky, k,) are
‘Fourier-like’ parameters.

In 141 dimensions the non-local equation (I) reduces to the convenient form

/ dxe™* {in, coshk[n + h] + q, sinhk[n + h]} =0, k real. (1)

Since equations (I), (I') are valid for all kq, k, real and k real respectively, these
equations provide an explicit integral equation formulation of the Dirichlet to
Neumann map which represent the summation of the series analysed in Craig &
Sulem (1993). We stress the explicit, spectral and relatively simple form of the free
surface equation which is helpful in calculations (e.g. see §§2, 5-7).
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In terms of the variables n and ¢, the dynamic boundary condition takes the form
(see §1.1)

1 +Vgq-Vn)} o \
o+ g gy - VI o, (n> an

2(1 4 |VnP?) P V1+1Vn?

where g, o, p denote gravity, surface tension and density respectively. Equations (I)
and (II) (or equations (I') and (II)) are the two equations that characterize two plus
one (or one plus one) dimensional water waves in this formulation.

Some of the results in this paper are the following:

(i) Extensions of the above free surface equations (I), (I') to the case of varying
depth are obtained. Invariance properties related to mass and centre of mass as well
as a number of interesting integral relations, including virial-like formulae, are derived
using this formulation.

(i) Two-plus-one-dimensional Boussinesq type systems and the two-plus-one-
dimensional Benney—Luke type (Benney & Luke 1964) equation extended to include
surface tension are obtained. The Benney-Luke equation reduces to the KP
equation for unidirectional waves. The classical one-plus-one-dimensional equations of
Boussinesq (Boussinesq 1877) and of Korteweg—deVries (KdV) (Korteweg & de Vries
1895) in shallow water are obtained as special cases.

(iii) The one-plus-one-dimensional nonlinear Schrodinger equation (cf. Zakharov
1968), which describes the dynamics of small-amplitude, quasi-monochromatic waves
with surface tension in deep water, is deduced. Thus, the non-local formulation
includes both shallow and deep water limits.

(iv) In shallow water, the non-local formulation yields higher-order nonlinear
approximations which go beyond the Boussinesq/Benney—Luke limit. The successive
approximations have increasing polynomial nonlinearity: quadratic, cubic, fourth
order, etc.

(v) The general time-dependent non-local formulation is shown to reduce properly
in the linearized limit, and allows one to compute directly the surface wave height as
well as the velocity potential on the free surface.

(vi) A numerical technique applicable to non-local systems, which is an extension
of methods used in nonlinear optics (cf. Ablowitz & Musslimani 2003, 2005), is
introduced in order to calculate localized travelling wave solutions to the Kadomtsev—
Petviashvili, Benney—Luke (see also Berger & Milewski 2000) and the fully nonlinear
non-local two-plus-one-dimensional system. These equations are found to have
travelling wave lump-soliton-type solutions, provided that sufficient surface tension is
included. Methods to obtain one-plus-one-dimensional solitary waves are discussed
in the Appendices. The computational results demonstrate that the non-local system
derived here can be effectively employed.

In recent experiments (Falcon, Laroache & Fauve 2002), one dimensional ‘depres-
sion’ solitons in fluids of small depth with sufficient surface tension have been observed
for the first time. It may also be feasible to observe travelling lump solitons, which
the above numerical results predict to exist in the two-plus-one-dimensional fully
nonlinear water wave system, in fluids which have significant surface tension effects.

1.1. A new Non-local formulation of water waves in three dimensions

We begin by considering the classical gravity water wave problem without surface
tension. Let us define the domain D by

D={—w<xj<w, j=12, —h<y<n(x,xy,t), >0}
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where & > 0. The water wave equations satisfy the following system for ¢(x1, x3, y, t)
and n(xy, x2,1):

Ap =0 in D, (1.1)
¢, =0 on y=—h, (1.2)
Nt + Gy + Gy, = ¢y on y=mn, (1.3)
1 o Vn
¢+ 5V +gn=—-V: | —==| on y=n, (1.4
‘T2 =\ T e Y )

where g is acceleration due to gravity, o and p denote the constant surface tension
and density respectively and 4 is the constant unperturbed fluid depth. Equation (1.3),
the kinematic condition, implies that fluid particles on the free surface remain on
the free surface, whereas equation (1.4), the so-called dynamic boundary condition or
Bernoulli’s equation, implies continuity of pressure across the free surface. Equation
(1.4) describes the dynamics of the velocity potential on the free surface. We assume
that n as well as the derivatives of ¢ vanish as x7 + x3 — co.

In what follows, we will reformulate these equations in terms of the two functions
n and g, where ¢ is the value of ¢ on the free boundary (see Zakharov (1968), where
these variables were introduced and shown to be canonically conjugate coordinates),

q(x1, X2, t) = ¢(x1, x2, n(x1, X2, 1), 1). (1.5)

The definition of ¢ as well as equation (1.3) can be used to express the spatial
derivatives of ¢ on the boundary in terms of n and ¢. Indeed, differentiating equa-
tion (1.5) with respect to x; and x,, we find

¢x1 + ¢y77x1 = x> (1661)
O, + ¢)‘77X2 = {qx,- (1.60)
Solving equations (1.3) and (1.6) for ¢,,, ¢x,, ¢, in terms of g we find

_ U+ 78)g = 1Moy — N

x 1.7
(1 + nzzc )qxz = Nx Nxaqxy — N Mt
X, = I s 1.7
¢ 2T (1.7b)
N+ MG + Ny
== 1-7
2 1+ VP2 (1.7¢)

The dynamic boundary condition — Bernoulli’s equation
Equations (1.7) imply
(L+n2,)gs, + (1403 g, + 07 — 200104095
1+ (V2 '
Substituting |V¢|* in equation (1.4) and also replacing ¢, by g, — n,¢,, where ¢,
is given by equation (1.7c¢), we find an equation involving ¢ and 5. Simplifying
this equation we find

1 + Vg -Vn)? o \%
qt+§‘vq|2+gn_wzfv. ('7)’ (1.8)

2(14Vnl?) p V14 |Vn)?

Vo|* =

which is equation (II) in the introduction.
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The analysis of equations (1.1) — (1.3)
Let both functions ¢(x1, x2, y) and ¥ (x1, x;, y) satisfy Laplace’s equation (1.1). Then
¢}’(WX1X1 + wxzxz + wyy) + wy((pxlxl + ¢X2X2 + ¢yy) = 0‘

This identity can be rewritten in the following form:

(‘pyW)q + wy(pxl )xl + (¢y¢x; + Ipy‘pr)xZ + (d’ywy - (le w)q - ¢xZ wx:)y = 0. (19)

We note that this identity, in contrast to the classical Green’s identity for Laplace’s
equation, involves only derivatives of ¢ and not ¢ itself.
We choose for i the particular solution

E(x1, %2, ki, ko) = elntieathy - g — (12 4 g3)!/2

Using this particular solution in equation (1.9), we find the identity
(E(iquby + k¢x1 ))X] + (E(1k2¢y + k¢xz))x2 + (E(k¢) - ik1¢x1 - ikz(be))y =0.

Using the divergence theorem, this equation implies the global relation

/ E {(1k1¢y + k¢x1)N1 + (ik2¢y + k¢xz)N2 + (k¢y - ik1¢x1 - ik2¢xZ)N3} ds = Oa
aD
(1.10)

where (N, N, N3)T is a vector normal to the surface dD, and dS is a surface
element.
On the bottom:

Ny =N,=0, Ny=-1, y=—h, ¢,=0,
thus the integrand in (1.10) on the bottom becomes
etk bh (i 6 1),
On the free surface:
Ni=-ny, Nro=-n, Ny=1y=n,
thus the integrand in (1.10) on the free surface simplifies to

eik1x1+ik2xz+kn [k((py - ¢XI Nx; — ¢X2 77Xz) - ikl(¢X| + ¢y 77)61) - ik2(¢X2 + ¢y Nx, )] .

The three terms in parentheses appearing in the above expression equal 7, ¢y, , ¢x,,
respectively. Thus, with decaying conditions for |V¢| on the sides, the global relation
(1.10) becomes

/ / dxl dxzeiklx1 ik {ekﬁ [ki’}, - iqux1 - ikquz]
+ e M [iki by, + ko, ]} (x1, X2, —h, 1) =0 (1.11)

This equation is valid for both roots ++/k? + k3. We can eliminate the terms
at y=—h from equation (1.11) by replacing k with —k. Multiplying by e*" and
subtracting the two equations with +k respectively yields equation (I) given in the
introduction.

Equations (I) and (II) or (1.8) are the two basic equations for the case of water
waves with surface tension. We note that the vertical coordinate y is removed in this
formulation, and the unknown boundary 5 is completely determined by the nonlinear
integro-differential equation (I) and the nonlinear PDE (1.8).
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We also note that for the case of periodic boundary conditions for the free surface
and velocity field, the limits of integration must be modified from an infinite domain
to a finite region in order to reflect the size of the period.

2. The case of a variable bottom
Let

y = —ﬁ(xl, X2) =—h— H(Xl, )Cz),

where /4 is constant, be the equation describing the bottom. Then the normals on the
bottom are given by

Ny=-H,, N,=-H,,, N;=-1
We also have on the bottom d/df(z + H) =0, hence
(¢y + ¢ Hyy + ¢2Hy)(x1, X2, —h — H, 1)) = 0. 2.1)
Taking

®(“x1? X2, t) = ¢(XI,X2, _h - H’ t),
the global relation (1.10) yields

/ / ity dpe s [ T e — ik, — ikg,] + e ik @y, + ko] )
(.Xl,)Cz, —h,t) :0, (22)

where we have used @, =¢,, —¢,H, , j=1,2, and equation (2.1). Replacing k by
—k in equation (2.2) and adding and subtracting the resulting equations yields the
following two integro-differential equations:

sinh[k(n + h)]
k
sinh[kH]
k

/ / dx dxze”‘”““km{im cosh[k(n + h)] + (k- Vq)

+(k-VO) } =0, (2.3)

(k-Vq)
k

/ / dx; dx,elfivitikn {in, sinh[k(n + h)] + cosh[k(n + h)]

(k-V®)

cosh[kH]} =0. (24

Equations (2.3)—(2.4) and Bernoulli’s equation (1.8) are three equations for the three
unknowns 7, g, ®.

Integral relations

An immediate consequence of equations (2.3)—(2.4) is mass conservation. If we take
k; =0, j=1,2, in equation (2.3) and expand, then we find a sequence of integral
relations. The first is conservation of mass for any bottom H(xy, x»):

% / / dxy dx; n(xq, x2,¢) = 0. (2.5)
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Some of the additional integral relationships, obtained in this way, which include
centre of mass and virial-type formulae, are listed below:

8 o0 o0 o0 o0
3 / / dx, dxs(x;m) = / / dv du(gy (n+h) + HS,),  (26)

/ / dx; dx( <’7 +2>>=/ / dxi dxa(x;q, (n+h)+x; HPy, ),

(2.7)

/ dx; dxa(gy, — @4,) =0, (2.8)
where j=1,2. When H =0, equations (2.6)—(2.7) simplify considerably since the
velocity potential, @, on the bottom multiplies H. Equation (2.6) is the conservation
law associated with the motion of the centre of mass. Also, when H =0 the right-hand
side of (2.6) can be related to the momentum of the fluid P;, j =1, 2, where

o0 o0 n
= [ andn [y s
—o0 J -0 —h

and ¢,,, j=1,2, correspond to the transverse velocities in the water wave equations
(1.1)—(1.4). Since the momentum is a known conserved quantity in water waves, we
find that the centre of mass equation can also be written as a conserved quantity

a o0 o0 o0 o0
Y {/ / dxy dxa(xjn) — t/ / dx; dxagy, (n + h)} =0, (2.9)

where j =1, 2. Thus, the centre of mass increases linearly with time. We note that
the relation between the centre of mass and the momentum was found in Benjamin &
Mahony (1971). The point symmetries and conserved quantities associated with water
waves were derived and discussed in Benjamin & Olver (1982).

It is also interesting that the analogue of the centre of mass relation (2.6) can
be related asymptotically to a non-trivial conserved quantity for the Kadomtsev—
Petviashvili and Korteweg—deVries equations. This is discussed further in §5.

Recently, the case of a variable bottom was considered in Craig et al. (2005) using
an extension of the Dirichlet—Neumann map technique mentioned earlier (Craig &
Sulem 1993). In this paper the authors find wave equations governing small-amplitude,
long waves over a periodically varying bottom. In the case of a variable bottom the
series expansion for the Dirichlet-Neumann map presented in Craig et al. (2005) is
implicit. The explicit non-local equations (2.3)—(2.4) provide the summation of all
terms in the equivalent Dirichlet-Neumann series.

It should be mentioned that there are some differences in the case of infinite depth
h — oo0. In this case equation (I) in § 1 takes the following simplified form:

/ / d.x1 dx elk1X1+lkzxzek7]{ t + (k kvq)} 0. (ID)

In this case the integral relations can be obtained either by taking & — oo in the earlier
formulae (2.6)—(2.8) with &,, =0, j=1,2, or taking the limit as k; — 0 in equation
(ID). In either way, we find equation (2.5) and the following relations:

| [ andne)=o (29)
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% /_ : /_ " dx, ds(xm) = / : / w dxy dxa(gs,m), (2.10)
/ / daxy dx2< > / /y dx; dxa(x;qy,), (2.11)
/ / dx, dxz(—> / / dx; dxa(x;g.,7), (2.12)

where j=1, 2. It is interesting to note that in infinitely deep water one needs the
constraints in (2.9), otherwise rapid decay of the wave amplitude n and of Vg as
r — oo do not follow. A discussion of the infinite depth case can be found in Benjamin
& Olver (1982).

In what follows we shall concentrate on the simpler case of a constant bottom
y=—h. We note that equation (2.3) reduces to equation (I) when H =0.

3. The linear limit

In the linear limit, [n| <1, |¢;| <1, |q,,| < 1, j=1,2, thus equations (I) and (1.8)
become

/ / dx, dx2eik1x1+ikzxz{i)7, cosh[kh] + [<];€l>q + (%)4 sinh[kh]} =0, (3.1)

(o2
ql + gn = ; (77)61)61 + nxzxz)' (32)
We define the Fourier transforms (FT) of n by

0 0
ﬁ = / / dX1 deelkllerlkzxzn(Xl, X2, t),
—o0 J —0

and similarly for the derivatives of q.
Using these definitions, equations (3.1) and (3.2) yield

i+ [ (5) @+ (%) @) anhien o 63)
G +gh = %[(@) + (Tl (3.4)

The definition of the FT implies (7,,)=—iki#, (7.,) =—ikaf}, etc. Differentiating
equation (3.3) with respect to 7 and using equation (3.4) to express ¢,, and g,
in terms of 7, i.e. using

— . o A .
q”‘j = lk] <g + ,Ok2> n, J = 1’ 2’

we find

A + [kg (1 + Ukz) tanh[kh]} h=0. (3.5)
8P

4. The non-dimensional form

It is convenient to have a non-dimensional formulation. In this respect, we first
replace all variables in equations (I) and (1.8) by prime variables and then we make
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the following substitutions:
l k
x| =1lx,, xy=-x5 k=2, k=yp=
where ¢o=./gh and [,1/y are typical length scales (e.g. wavelengths) in the x-,
x,-directions respectively. Defining the dimensionless parameters
a _h
l’l’ /’L - l )

equations (I) and (1.8) yield the following equations:

& =

/ / dux dxzei(k””*k””{in, cosh[ku(1 + en)] + sinh[ku(1 + &n)]

ki y’ka
— — =0, (41
<o+ 20 | =00 @)

0 ooy LSl +e(gan +vquns))’
o ) G (2, + o)
_ G [ nan (L4 207y 203) + 177 20, (1 + 2007, ) — 26200y 200 0y 42)
[+ (e (2, +y2n2)] ™

/ o

By adding/subtracting the linear terms and by taking the Fourier transform, we
can rewrite equations (4.1) and (4.2) in an alternative form in which the linear terms
are separated. This is useful for various purposes, including for numerical evaluations
(see § 7 on computational investigations):

where

i coshikul, +sinhtkad | (1) @) + (22 (@)
wim K kM qx, kll« qx,
= / / dx1 dxzei(k1x1+kzxz) {ir],(cosh[k,u,] —_ COSh[k/,L(I + gn)])

) ) ki y*ka
+ (sinh[kp] — sinh[ku(1 + en)]) {kﬂqm + kﬂqxz} } : (4.4)

G+ (1 + 612K =/ / oy dxse! (te0#420) {—g(qfl +7%q;,)

1 _
+ e’ e + &g, + Vgl

2
+8776 [Wonw (1+ 02y nL) + 12y 0 (1 + 21’0}
— 2671y 0 My s — 822 12 (Mg + V21 )] } (4.5)

where
§=1+(e)*(m, +v’ny,).
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Equations (4.4) and (4.2) (or its integral form (4.5)), are a system of two equations
for the two unknowns, n and ¢. It is also worth noting that equation (4.4) can be
written in terms of the following integral equation for the function n;:

A = / / dxy doye R K ()], + 7 [n(1), Q(1)], (4.6)
where
K(n) = cosh[ku] — coshl[ku(1 + en)]
o cosh(ku) ’
and
_ o i(kixi-+hox) [ 1sinh[kp(1 4 en)] ﬁ y2ks
F(n, Q) /_m /_% dx; dxse ( cosh[ku] kuqxl + TM x| |-

This integral equation provides the summation of the Dirichlet—-Neumann series
operator discussed in Craig & Sulem (1993), Craig & Nicholls (2000) and Bateman
et al. (2001). Equations (4.6) and (4.2) (or (4.5)), are the closed system of water wave
equations. Equation (4.6) is formulated as an integral equation for n,. Equation (4.5)
determines g, as a quadratically nonlinear function of 7,.

5. Two dimensional Boussinesq, Benney—Luke and KP equations

In this section, starting from the non-local formulation, we derive the Boussinesq,
Benney-Luke and KP equations with surface tension. We include surface tension
because later we will address the question of finding lump-type solutions to the water
wave equations. We take || < 1, |u| < 1, use the expansions

2 3

cosh[ku(l + en)] ~ 1 + %kz, sinh[ku(1 + en)] ~ pk + ’%18 +eunk,

and we use integration by parts, as well as properties of the Fourier transform
kj—>i8xj, ]=1,2

Then after some algebra we find that to within O(e, u?), equations (4.1) and (4.2) yield
the following Boussinesq-type equations, where for convenience we replace x;, x, by

X, y:

2 2
(1 N éA) m o+ (A N M6A2> q+e (max +v°ma,) +endg =0, (5.1)
E ~ ~
n=—q—5 (% +veq)+en’An, (5.2)
where
A=a2ty20 (53)

Equation (5.2) implies
L oaa £
n~—(1+61A)g — 5 (41 +77;) -
Substituting this expression in equation (5.1) we find

2
1+ (6 —3) Al g — (& — ’g&z> q +¢ (29:qx +2v°9,qy + :Aq) = 0. (5.4)
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Using the leading-order approximation, g, ~ Agq, equation (5.4) implies the following
equation, valid to O(e, u?):

gu — Aq + (6 — ) A’q + (@ Vgl® + . Aq) = 0, (5.5)

where [Vg|? = (¢7 + y%q}).

An asymptotically equivalent equation to (5.5) was derived by Benney & Luke
(1964) in terms of the velocity potential ¢ in the case of zero surface tension (& =0).
We note that ¢ ~ ¢ + O(en?), which allows us to establish the relationship between
the Benney—Luke equation for ¢ and the above equation (5.5) for g.

If we take

y =0, &=0(),
then further simplifications can be made. In this case, (5.5) becomes
it — Gxx + (G - 7) ,lL Qxxxx — VZQ)’)’ +e& (2Qqut + qu)cx) = 0. (56)
Let
E=x—t, T=ce¢t,
thus
8,:—85+83T, BX :85.
Then, equation (5.5) simplifies to
2eq, + (5 — &) W qseee + a5y + 36qeqes = 0.

Letting w =g, ¢ =u*>=y?, and taking a derivative with respect to &, this equation
becomes

2wre + (3 — ) weee + wyy + Bwwe)e =0, (5.7)
which is the well known Kadomtsev—Petviashvili (KP) equation (Kadomtsev &

Petviashvili 1970). For convenience we put the KP equation (5.7) in standard form by
making the following transformations:

w=—2sgn(6 — 3)l{u, § > lx, y_)fy’

1
3
2 —1 5.8
T _ sgn( 3) ’ 11=|a 3’1/4 (5.8)
[
then u satisfies the standard KP equation
Ury + Uyxxy — 3 Sgn(5 - %)uy,\' + 6(””x)x =0. (59)

We note that the KdV equation is a reduction of KP by considering the y-independent
solutions.

The KP equation is well known to have lump-type soliton solutions (cf. Ablowitz
& Clarkson 1991) for (6 — §) > 0. The 1-lump solution is given by the formula

_ _ 2 2.2 2
16 4(x" — 2kgy')* + 16k2y"" + 1/k? (5.10)
[4(x" — 2kgy')? + 16k2y"* + 1/k2]

where
X'=x—ct—x, Y=y—c,t—y, = 12(1(?e —I—k?), ¢y = 12kg;  (5.11)

the velocity satisfies the condition

y
. A
Cy > B (5.12)
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This has implications regarding the existence of a 1-lump solution for the Benney—
Luke (BL) equation when (6 — %) > 0 (see also the discussion in the computational
section, § 7). In terms of the original water wave variables, we have

;1 3T 1 Bec,
_1 N R O 5.13
v (4 o) = - (1152 (5.130)

;L ol T liec,t
y_ﬁ(xz+2\/§>_\/§<y+2f> (5.13b)

Taking v, = 1—¢¢, and v, = ¢¢,, it follows that if ¢, and ¢, are defined by ¢, = cl3)2
and ¢, zcyll/(2\/§), then

&> 2 (5.14)

which is consistent with equation (5.12).
Comparing the derivation of the KP equation (in terms of u) with the derivation
of the BL equation (in terms of ¢) it follows that that ¢ and u are related by

g =w=—2sgn(6 — )& — 1| u. (5.15)

Thus travelling waves for KP and BL equations are directly related, provided
that their velocities are related via ¢, =c,/}/2 and ¢, =cyll/(2\/§). An explicit lump
formula for ¢ is obtained by integrating equations (5.10) and (5.15) with respect to x
to find

I 2k !
4(x' — 2kgy' )} + 16k7y* +1/k2 |

The2 ab0\2/e equations imply that as r —oo, u~O0(1/r?), g~ O(1/r), where
rr=x""+y".

Next, we will briefly discuss the centre of mass integral relation in the context of
the KP and the KdV equations in terms of one of their (less well-known) conserved
quantities. Writing equation (2.6) when H =0 in a convenient non-dimensional form
(or alternatively taking k; - 0;j =1, 2 in (4.1)), we find

E?t/ / xndxdy=/ / qg.(1 +en)dxdy. (5.17)

Using the coordinates &, T, as well as conservation of mass d/9¢ f f ndédy =0,
the left-hand side of (5.17) takes the form

//Sndédy—s //Sndsdw/ /Undey (5.18)

Using (5.2) in the &, T variables and dropping O(&?) terms, it follows that

q=—32(5—%

& ~
n~qgs—&qr — 5(‘]&)2 + 6 1 e

Assuming (as is standard when dealing with KP conservation laws) that ffﬂ wdé' -0
rapidly as || — oo, and integrating by parts, we find

/ /Andédy~/ / (w+85wr—§w2>d§dy-
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Then, using the KP equation (5.7), and another integration by parts, we obtain

/_w/_wndeyN/_oo/j (w—l—%wz) d& dy.

Therefore, from (5.18) and 1 ~ g¢, the left-hand side of (5.17) becomes

o [ [ a [ . € 5
at/_xx/_wndxdy~sw/_w§wd§dy+/_w (w—i—zw ) dé dy. (5.19)

On the other hand, the right-hand side of (5.17) is given by

/_i/_qu(l—i-en)dxdyfv/_:/_Z(w—i—ewz)dédy. (5.20)

Therefore, equating the right-hand sides of equations (5.19) and (5.20) we find the

integral relation
a/w/ws ded _3/@»/3@ 2ded (5.21)
T w Y=y 5 _ww y. .

This equation can also be verified directly using the KP equation (5.7). In terms of the
KP equation (5.9) in ‘standard’ variables, the above integral relation can be rewritten
(using the change of variables (5.8)) in terms of the following conservation law:

% / ) / (xu — 3tu®) dx dy = 0. (5.22)

Equation (5.22) gives the motion of the centre of mass of the solution u in terms of
the constant of motion [~ u?dx.

If we consider the reduction of the KP equation to the KdV equation by taking
d/dy — 0, then the same analysis applies and the KdV equation has conservation law
identical to (5.21)—(5.22) except that the integration over y is omitted.

Thus, the centre of mass integral relation (5.17) which is derived from the non-local
free surface equation, agrees asymptotically with a conservation law obtained directly
from the KP/KdV equations.

We mention that in Craig & Groves (1994) the series expansion of the Dirichlet—
Neumann map was used to derive small-amplitude/long-wave equations for the
Boussinesq and KP equations without surface tension.

6. The deep water limit

The goal of this section is to derive from the non-local formulation the small-
amplitude, slowly varying envelope equation in deep water for quasi-monochromatic
waves. This gives rise to the nonlinear Schrodinger (NLS) equation, which agrees
with results obtained directly from the water wave equations (Zakharov 1968).

The (1+1) non-local integral equation (I') of § 1 can be written as

/ e {0 i, + g,) + 0 i, — g,)} dx = 0,

where we have replaced k by —k.
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Taking the limit & — oo, and dropping exponentially small terms, we find

o0

k>0, / e ek(in, —g,)dx =0; k<O, / e e (ip, + g,)dx = 0.
For convenience we replace n and g by en and eg, and for the small-amplitude
limit we take ¢ < 1. The above equation, as well as Bernoulli’s equation (4.2) in 141
dimensions, become

/ dxe™**e K in, — (sgn(k))g.] =0, (6.1)
2
o Mxx l 2 € (nl + gnqu)
G T emy T2 T2 Ty

Alternatively we can obtain equation (6.1) as a reduction from the two-plus-one-
dimensional deep water equation (ID) in §2. Expanding up to O(&?), these equations
become

=0. (6.2)

0 ) 2
[ v [tttk P+l (sentkgd =0

o0

&
2
Differentiating the second equation with respect to x and letting g, = Q, we find

q +8n— % (1=367) nux + 3647 — = (7 + 2emmeq) + - =0.

o0 2
J R R o T e B )

o &
O +gne — ;ax [nxx - %8277)2(77”] +e00, — Eax [77[2 + 28nlnxQ} +--=0. (64)

We now look for solutions in terms of a quasi-monochromatic wave expansion. This
takes the form of a Fourier-like series of slowly varying envelopes, multiplied by
rapidly varying carrier waves. The first few terms are given by

n=me" +ne " +e(no + ne* +me )+, (6.5)
0=0ie"+ 01 +&(Qo+ 06" + 0re) + -+, (6.6)

where
nj=n;(X,T), Q;=0;(X,T),j=0,1,2--, X=¢ex, T=¢t, 0=kox—wot.

We then substitute the above expansions (6.5) and (6.6) into equations (6.3) and
(6.4). The analysis of these types of quasi-monochromatic wave expansions in
differential equations, such as Bernoulli’s equation (6.4), is well understood. However
the occurrence of the non-local terms requires some additional mathematical analysis.
Substituting equations (6.5) and (6.6) into the non-local equation (6.3) leads to a
sequence of integrals of the form:

/ dxe ™ F (X =ex)e™, m=0,1,2....
By the Riemann—-Lesbeque lemma, all such integrals are exponentially small except for
the term associated with k =mk, (we assume that all functions n;, Q;, j=0,1,2...,
are rapidly decaying and infinitely smooth). Owing to the arbitrariness of the functions
nj,Q;,j=0,1,2..., we take F,, =0.



New non-local formulation of water waves 327

Then, equations (6.3) and (6.4) transform to the following equations, in terms of
the multiscale variables ¢, T =¢t, x, X =ex (keeping terms of order ¢):

0 2
| e [1+e|kn+ezk|2”2+~- li(n +enr) = (sgn(k)Q) = 0. (6.7)

O +eQr + g(n. +enx) — % [(1—=3e2n.2) (8, + edx)’n — 3en2n.]
+e0Q(0: +e0x) —el(n +enr)ne + emix + ner) +e(mme Q)] +---=0. (6.8)

To illustrate ideas and fix notation, we derive the leading-order contributions from
the above equations:

/ . dx e ® [(wonie? + c.c.) — sgn(k)(Qe? +cc)+--]=0, (6.9)

(—iwo Q1€ + c.c.) + glikonie” + c.c.) — %((iko)3mei9 +ce)+--=0, (6.10)

where c.c. denotes complex conjugate. From equation (6.10) we find
k .
01 =51 + 6k, (6.11)
o

where 6 =0 /pg. Letting k = ko in equation (6.9), and using equation (6.11), we obtain

/j dx {’71 {w— sgn(k) (ff) (1 +6k2)]} =0,

which in turn implies the dispersion relation for water waves in deep water,
w? = gksgn(k)(1 + 6k3). (6.12)

Repeating this procedure for the second-harmonic terms e*?, we find (from (6.8)
and (6.7) respectively)

200, = 2kg(1 + 4k*6)n, + w’kn® + k0,2, (6.13)
20m; = sgn(k) Q> — 2wlk|n* + 2kn; Q). (6.14)

From the mean terms at ¢, we find that Qo= O(e), no = O(¢), i.e the mean terms
can be neglected to this order of approximation. We can solve for Q,,n, from
equations (6.13) and (6.14). To the order of approximation we are considering, we
can use equation (6.11) to replace Q; by ny,

1+ k% 5
= — 2wk 6.15
105} [ og2g 2wkm’ (6.15)
1+ k%6 5
= ————|k|n". 6.16
M= 1 5ag Kim (6.16)

We next calculate the fundamental-harmonic terms €'. After using equations (6.15)
and (6.16), we find from equation (6.8)

124

o
01 = (c1 + L1 + Loy + K sgn(k)——25—mi[*n1, (6.17)
1+ k%
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where
C
Ly = Lor + cr0.
iw

2 Cl 402 2
Ly = —0x0r — —0r" +c30x7,
iw ®

gk(1 +6k?) g(1+36k%) 3gké
= =", =——.
1) iw 1)
Substituting Q,, 1, and the above formula for Q;, into the non-local equation (6.7),

we find that n; satisfies the following nonlinear Schrodinger equation:

a)”(k)
2

Cc1 =

(07 + v dx)m + ¢ ax*m +eM|m|*n =0, (6.18)

where
, 1+ 3k%
v, =aw(k)=g Sgn(k)T,
is the group velocity and

k(8 + k*6 + 2(k*6)?
M= OB FRG +2A0)) (6.19)
4(1 4+ k26)(1 — 2k%6)
o[l — 6k*6 — 3(k*6)?]
4k>(1 4 k%6)
Finally by defining the new variables t =¢T, § =X — v, T, we find the nonlinear
Schrodinger equation in a more standard form, without the small parameter appearing
in the equation. This equation, which governs quasi-monochromatic, deep water waves
with surface tension (see also Zakharov 1968), is

a)//(k)
2

A similar analysis can be carried out for quasi-monochromatic waves in finite depth
and for three-dimensional water waves. The calculations are much more tedious; that
study is outside the scope of this paper.

W' (k) = — (6.20)

i9,m + 3n + Mn*n = 0. (6.21)

7. Computational studies — 2 4 1 dimensional lumps

In this section we develop computational fixed point methods for finding travelling
wave solutions for the 2+ 1 dimensional water wave equations. These techniques
are an extension of methods used in nonlinear optics (cf. Ablowitz & Musslimani
2003, 2005) and are used to find lump-soliton-type solutions of the Kadomtsev—
Petviashvili, Benney—Luke, and fully nonlinear two plus one dimensional water wave
equations. Methods to obtain one-plus-one-dimensional solitary waves are discussed
in Appendix B.

We begin by first considering the case of lump-type travelling waves which obey the
Benney-Luke (BL) equation with surface tension, i.e. equation (5.5). For convenience
we repeat (5.5):

qu — Mg + 1* (6 — 1) A%q + e(|Vql*): + e(q:Aq) = 0. (7.1)

In order to find travelling wave solutions, we assume a travelling wave moving in an
arbitrary x—y direction

g(x, y,1) = gq(x —vit,y — y2ust) = q(x', y).
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Substituting this ansatz into the BL equation, we find
Uﬁqx/x’ + 2v, Uyyqu’y’ + U§V4Qy’y’ —(qex + VZCIy’y’)
+u’ (& - %)(qx’x’x’x’ + 27/2%’)6’)",\" + V4‘1y’y’y’y’)
= 8[(Uxax’ + Vzvyay’)(qg/ + V2Q§’) + ((Uxax’ + Vzvyay’)Q)(CIx’x’ + quy’y’)]- (72)
Solutions to the above equation are obtained using the spectral renormalization
method (Ablowitz & Musslimani 2005). The essence of the method is to transform
the underlying equation governing the solitary wave into Fourier space and to find
nonlinear non-local integral equation(s), coupled to an algebraic equation(s). The
algebraic equation is solved by standard techniques and the integral equation is
solved iteratively. The coupling prevents the numerical scheme from diverging.

To develop the iteration scheme, we take the Fourier transform of (7.2), where the
Fourier transform of ¢, denoted by g, is given by

= //ei’”‘ilyq(x,y,t)dx dy.

The function § satisfies the equation

>

sk + v u)qi +v2qy) + v @oqer + v aeqyy) + v o (@ qer + vV aydyy)
D
A4l (7.3)

q

where
D =K1 — )+ (1= y2d) =20 vkl + (6 — )2 (B +y72)°. (74

We remark that when y?=¢ and v, =1 —¢&&,, vy, =70y, |¢| < 1, then we see that D >0,
provided ¢, > E§ /2. This inequality agrees with equation (5.14) obtained from the
exact lump solution of the KP equation (5.10). By employing the change of variables
q = ap, we construct the following iteration scheme for n =0,1,2---:

Pni1 = o A [Pal, (7.5)
with

/ | po|? dk dI
(7.6)

o, = .
/ / b [p] dkdl

The iteration scheme is supplemented by initial functions for py. In practice, the
schemes are relatively insensitive to the choice of the initial functions; e.g. hyperbolic
secant or Gaussian profiles are adequate in the case of decaying solutions.

A convenient check of these results is to compare the results of the BL (variable
q) equation with the known lump solution results of KP (variable u — see equations
(5.9) and (5.10), where c,, c, are the x-y KP velocities respectively). From § 6, we have
the following formulae for the KP lump solution at the origin (recall & > 1/3):

4

112 c
u(0,0)= 16k} = < | e — 35 . (1.7)
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where the BL velocities (v, vy),
v, =1 —¢&,, yPv, = y%e,, (7.8)

are connected to KP velocities (c,, ¢,), by

Qv

3

- Cx /. - Cy
f= 5= =

The same numerical method used to find the travelling wave solution for the BL
equation also works for KP. The KP equation also provides a check of the numerical
method used herein since it admits an explicit lump solution. Looking for a travelling
wave solution of the KP equation (5.9) of the form u =u(x’, y') with (6 — %) >0 and
x'=x—c, 1,y =y —c,7, we obtain the equation

—H (7.9)

—Cyllyry — Cyllyry F Uiy — SUyry + 3(u?)er = 0. (7.10)

Taking the Fourier transform of equation (7.10), using the standard Fourier notation
= // e R =iy (x, y, 1) dx dy,

n=—u?=9%9[i, (7.11)

we find that & satisfies

where
2 4 2 2 12 ke, ? 4
Dy = c.k* + cykl + k* + 317 = k> (¢ — $5¢5) +3 I+ ) +k

Note that D; >0 when (¢, — ﬁci) > 0, which follows from the known result for KP
lumps (see (5.12)).

By employing the change of variables u = av, we construct the following iteration
scheme with n=0,1,2...:

f)n+1 = ang[ﬁnL (712)

/ |, dk dl
= (7.13)

o, = .
// ' 91,1 dk di

In figure 1 we present a typical example of a wave profile associated with the KP and
BL equations; plotted are the y =0, x =0 profiles respectively, when ¢, =3, ¢, =0. The
exact solution is obtained from equation (5.10), and the numerical results are found
using the method introduced in this section. The numerical solution associated with
KP cannot be distinguished from the theoretical solution in the graph; the numerical
scheme correctly reproduces the known KP lump-soliton solution. We have plotted
the wave profiles at y =0, x =0 resp. corresponding to the associated ‘KP’ function

dx
_— 7.14
2(6 — )12 (7.14)
The figure shows that KP is a good approximation to BL in this range of parameters.
Figure 2 shows a nearly linear relationship between u and ¢, (note in figure 2,
v, =1—¢C,, v, =0; see (7.9) for the relationship between ¢, and ¢,). Comparison with
KP theory is given by the solid line. Even at u =0.5, the KP solution provides a good

with

u =
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FIGURE 1. Wave profile at (a) y=0 and (b) x =0 for the BL (5.5) and KP equations (5.9)
with 6 =2/3,¢c,=3,¢,=0.

| |— KP, Analytic

o Benney—Luke, u =0.1
6 v Benney—Luke, £ =0.3
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FIGURE 2. u(0,0) =u,qy Vs. ¢, for various values of . This figure shows that the KP theory
is a good approximation to the BL equation in this range of parameters.

approximation to the BL lump solution though we see that there is some deviation

at large values of c,.

Next, we look for two-dimensional travelling wave lumps associated with the full
two-plus-one-dimensional water wave equations. First, for convenience of standard
notation, we slightly modify equation (4.4) by redefining: ky =—k, ko =—I, x; =x,

xp =y and k =+/k* + y2%. This yields

. . k '\ < AR
i cosh [, — sinhleu] [(K) @)+ (V ) (qy)]
1 Kp
= // dx dy e &) fin, (cosh[icpu] — cosh[iu(1 + &n)])

2
— (sinh[x ] — sinh[,c (1 + £n)]) L]Tuqx + Zﬂl%} } )

(7.15)



332 M. J. Ablowitz, A. S. Fokas and Z. H. Musslimani

where we now define the Fourier transforms of 5 as

= //e”"‘"yn(x,y, t)dxdy,

and similarly for the Fourier transform of the derivatives of ¢g. We treat (4.5) similarly
and go to travelling wave coordinates, x" — v,f, y'=y — vyt and then we drop the
primes:

b .
—cosh(ic)(vek + v, )i 4+ SHUEWic
= / dx dy e R+ (i) (v, 0, + vy dy)n[cosh[ku(1 + en)] — cosh(k )]

- inh —sinh 1
_|_/ dx dye—l(kx+ly)|:51n (K:U*) sin [K/’L( +8'7)] [kqx+]/2lcb] =R1fy (716)

KK
2
€ e
_E (C])? + y2q§) + 278[_(%68): + vyay)n +eqin. + SJ/szyle]z

&
+ 55z [0 (L4 ey )'ng) + (uy Py (14 (o)) — 2’y Pinenyins ], (7:17)

— (v, 0y +vy0y)g +n =

where

8 =1+ (ep)’(n; +y°n;)
We rewrite the above equation by putting all linear dispersive terms on the left-hand
side and taking the Fourier transform; as with the BL equation we assume ¢ has a
well-defined Fourier transform. This yields

—i(vek +v,0)g + (1 + 61767

2
—i(kx—+ly € Ep
= / dx dy e "t {—2 (g; +v%a;)+ S5 [Wede 0,8, + eqen + ey’qyn, ]’
&
X m[uznm(l + (eny ' n}) + (y)ny (14 (ep)*ni) — 2(ei’y ) nenynyy

— 82 (W ne + (y)ny)]} = Ray. (7.18)
Hence #, g are given by

sinh
(vk + v, )Ry, + SRR
7A7 = = =Ry

o a

. (1+6u°*)Rs + cosh(ku)(vik + vyl)Ro s

q = : = Ryy,
1wa

where
inh

Juw = (14 6 p2) SIERIE o) (vek + v,

"

The spectral renormalization numerical technique proceeds by making use of the
following change of variables:

n=ay, q =BP.
This yields
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In order to find equations for « and B we multiply the above equations by w and
P respectively, and integrate in k. This yields the following algebraic system satisfied
by @ and S:

Fla,B)=IPI’, Gl B)=II¥IP

where

F(a, B) = 1// P* Ry [BP, ayp] didl,
Ga, B) = / W Ry [BP, ai] dk dl.

The iteration scheme then takes the form

T R3f[:3nﬁns an@n] D R4f[ﬂnﬁnv anv/}n]
wn-&-] - ) PVL+1 - )
oy ,Bn
with
F(an, Ba) = || PP, Gla, B) = 1l (7.19)

where n=0,1,2..., and at each iteration step we solve for «,, 8, from the above
system of equations for F, G. The iteration scheme is supplemented by initial functions
for Py, ¥o. As mentioned earlier, the schemes are relatively insensitive to the choice of
the initial functions; e.g. hyperbolic secant or Gaussian profiles are adequate in the
case of decaying solutions. In order to establish a connection with the BL equation,
we dssume that v, = 1 —¢¢, and v, =y?¢,. When ¢ = y? = 4> < 1, the condition (5.10),
Cy > 12 , ensures that J,,, > 0.

We also note that higher-order nonlinear approximations to full water waves can
be obtained. Such approximations are useful when we find fixed-point solutions to
the full water wave equations. A quadratic nonlinear approximation is obtained from
the full water wave equations by expanding the hyperbolic functions sinh[xu(1 +
en)], cosh[ku(1 + en)] for small &, u, and keeping only quadratic nonlinear terms. We
find from the above equations the following quadratic and quintic approximations.

Quadratic:

—cosh[ku](vek + v,0)f) + W sinh[ku]g = / dx dye_i(k”’y){—i(vxnx + vymy)
n
k !
X sinh[k ]k pwen — kpen coshx ] —qx +—q,| ¢= Rip, (7.20)
K
—i(vk +v,0)g + (1 + &)
—i(kx+1 €02 2oy, W 2
= / dx dye ikt | E(qx +v°q;) + T(l)xnx +u,m,)*| = Rag.  (7.21)

Quintic:

—coshku](vek + v,0)i + — sinh[ic1]4
“w

' 2
= // dx dyel(k”l”{—i(vxnx + vy1y) {Sinh[/c,u]/c;wn + cosh[ku] (KM2€77)

3 k 2] .
(e pen) ] — [qx + yqy] |:COSh[K[L]KpL8n + sinh[xu
6 KL K

](Kusn)2

+ sinh[k u] 5

+ cosh[k u] (i MW)T }

= RIQQ, (722)
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FiGUuRe 3. Wave profile at (a) y=0 and (b) x =0 for the full water wave equations (7.16)
and (7.18) with & =2/3. The function u is plotted using (7.14) and the velocities are
vy =1— &, v, =0 with ¢, =4.0 using the relationship (7.9). This figure demonstrates that
Benney-Luke/KP equations are good approximations to the full water wave equations. The
inset shows an enlarged view of the peak of the wave, highlighting the difference in maximum
amplitudes.

—i(vek + v,0)§ + (1 + 6P

—i(kx €
= // dXdye (k +ly){_2(qf +y2q§)
2 8(8#2)2

EM
+T[_(anx + Uyny) + 8(‘]):7])( + J/szyle)]z - ) (77,% + Vzni)(vxnx + vyny)z

+6 [(ep’y) (nexny 4+ myyms — 20.mymy) — 3(e®) (3 + v703) (0 + v70yy)] }

— Rago. (7.23)

The procedure to find a fixed point of the quadratic—quintic systems is similar with
that for full water waves with R, replaced by Ry, Ryg, respectively; hence we do not
explicitly give it in detail

In figures 3 and 4 solutions of the full water wave equations are depicted. Numerical
solutions are obtained employing the method described earlier; theoretical values are
calculated from (5.10). In figure 3, the wave profiles at y=0,x =0 respectively,
corresponding to the associated ‘KP’ function u obtained from (7.14), are also given.
The dotted lines lie on top of the theoretical result hence are difficult to discern. The
solutions of the quadratic and quintic approximations are similar to those found for
the full water waves, hence they are not given here. It is outside the scope of this
paper to find lump solitary waves of the highest amplitude.

8. Conclusions

In this paper, a coupled system of non-local nonlinear equations on a fixed domain
is derived which governs the classical free boundary equations of water waves in 241
dimensions with constant depth. The extension of this system to the case of varying
depth is also obtained. These compact equations are explicit and in spectral form
which is useful in calculations as described in §§2, 5-7. In addition, integral relations
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6 |op=0.1
ro[-——u=017
5

FIGURE 4. u(0, 0) =4y Vs. ¢, the full water wave equations (7.16) and (7.18) for various values
of  using the same parameters as figure 3. This figure also shows that the Benney—Luke/KP
equations are good approximations to full water waves for u =0.1.

are deduced which include conservation of mass and centre of mass and virial-like
formulae.

These equations are shown to admit shallow water/long wave, and deep water
asymptotic equations, which include the Boussinesq and Benney—Luke equations for
long waves and the nonlinear Schrodinger equation in deep water.

A numerical technique is introduced for computing solitary-lump solutions for the
Benney-Luke and the non-local 2 4 1-dimensional water wave equations. The Fourier
nature of the equations is useful in the computational evaluation of lump solitary
waves.

This work was partially supported by NSF grant DMS 0303756, and by the EPSRC.
We thank Douglas Baldwin for pointing out the conservation law (A 11) and Andrew
Docherty for computational support.

Appendix A. The ‘1+1’ long-wave reduction

In this Appendix we consider the long-wave reduction where all variables are
assumed to be independent of x,. The 1+ 1-dimensional limits are obtained from the
Boussinesq and the KP equations by letting y =0 in the long-wave equations derived
in §5. We will subsequently use these equations to compare the numerical results
obtained from the full 1+ 1-dimensional water wave equations.

Equations (5.1) and (5.2) imply that the 1+ 1-dimensional Boussinesq system is
given by the equations

2 2
(1 - Mzaxx> e+ (axx - Ibéaxxxx> q + & (M:qx + 1q.) =0,

€ ~
n=—q—5(q:) + 1 N
It is worth noting that the above system is equivalent to the classical equations of
Boussinesq. Indeed, defining Q =g¢,, the above equations yield

2 2
(1 - "28) n + <ax - ”28) 0 +&(Qn) =0, (A1)
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& ~
Nx = _Qt - E(Qz)x + Uuznxxm (A 2)

Letting Q=0 — ,uz%Qxx + ..., equations (A1)—(A2) yield (to this order of approxi-
mation),

m + Q. +&(0n), =0, (A3)

2
Qt + 1 + SQQ.}C - Mzgnxxx - %Qxxt =0. (A4)

We use O, ~ —n, and 1., ~ n,, which results in the following modification of
equation (A4):

Qt+nx+8QQx_,U*2(6—_%)nxtl=0- (AS)

Equations (A3) and (AS5) are the classical Boussinesq equations in normalized

form, with surface tension included. We also note that these equations yield the one

dimensional form of the Benney—Luke equation (5.5), with the addition of surface
tension,

qir — qxx + :u“z (6 - %)q”cxx + E(atqf + QrCIxx) = O (A 6)

From either the Boussinesq equations (A3)—(A.5), or equation (A6), we can derive

the Korteweg-deVries (KdV) equation. In (A6) we take pu’>=e¢, € =x —t, T =s¢t
and g =q(&, T;¢). Then letting w = Q =g;, we find

2wr + (3 — 6) weee + 3ww; = 0. (A7)
Equation (A7) has a solitary wave solution of the form
A

w=0 =g = Asch’[f(E — T, =5 =2(1-8)8  (A§)

Note also that § — ;T =x — ct, where c =1+ €cy.
The change of coordinates given by equation (5.8) yields the KdV equation in
standard form
Uy + Uyry + 6uu, =0, (A9)

for which the soliton solution is given by
u = 2k% sech [k (x — 4kt — x0)].

Finally, we remind the reader of the conservation relationship (5.21) that also
follows asymptotically from the 1 + 1-dimensional reduction of equation (2.6),

a 0 _3 o0 5
aT/wEwdE—é‘/ocw d&. (A 10)

Equation (A10) can also be verified by using the KdV equation (A7). In terms of
the KdV equation (A9) in ‘standard’ variables, the above integral relation can be
rewritten (using the change of variables (5.8)) in terms of the following conservation
law:

% / (xu — 3tu?)dx = 0. (A11)

Equation (A11) gives the motion of the centre of mass of the solution u in terms of the
constant of motion f_fw u? dx. Thus, the centre of mass integral relation (A10)—(A11)
which is derived from the non-local free surface equation agrees asymptotically with
a conservation law obtained from the KdV equation.
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Appendix B. Solitary waves in 1+1 dimensions — computational studies

In this Appendix we discuss computational fixed-point methods for finding
travelling wave solutions for the 1+ 1-dimensional water wave equations. They are
employed to find travelling wave solutions of Boussinesq type, and the fully nonlinear
1+ 1-dimensional water wave equations associated with equation (I') given in the
introduction. The Boussinesq system is a limiting case of the water wave equations,
and the solitary wave results obtained from the full 141 system properly reduce to
the Boussinesq solitary waves.

The 141 non-local equation governing Laplace’s equation (1.1) and the boundary
conditions (1.2)—(1.3) is equation (I'). If we replace x; by x and take the 1+1 reduction
in Bernoulli’s equation (1.8), we find the following equations:

o
/ dx e** {in, cosh k[n + h] + g, sinh k[n + K]} = 0,

1 1 (0, + 1.q,)° 0 M
+2x T +gn—p(1+n§)3/z'

If we introduce non-dimensional quantities, as in § 5, and if for convenience we replace
k with —k, we find

/ dx e {in, coshlku(l +en)] — 4x sinh[ku(1 + sn)]} =0, (B1)
o M
2 2 ~ 2
> en (e + £qamy) & W Max
cgr=" B2
Gt 30 = R e e 2

where 6 =0 /pgh?.
We modify (B1) and (B2) by adding/subtracting the linear terms, taking the
derivative and Fourier transform of (B2) and taking Q =g¢,. This yields

~ sinh
i#, coshlku] + QS‘“M["“] _ /

—0o0

o0

dx ek~ {in, (cosh[ku] — cosh[ku(1 + £n)])

_ g(sinh[ku(l Ten)] — sinh[ku])} =0,

0 2 2 2 ~ 2
A LA —ikx _g %(nl +8Q77x) O 4™ Nxx
O, + iki) = ik /_w dxe l >t s R + (+enen)” |

Letting € =x — ct, thus n, =—cne, g =q: = 0, ¢, =—cQ, yields

—ccosh(uk)ﬁ(k)ersz(k) e / die {cosh(juk) —cosh[k(1+en)]}n:

Tk /_w de " {sinh(uk) — sinh[uk(1 + en)]} Q(§), (B3)

A 5 . U™ e [£07 —en?ng + 2c(epn) On;
— )+ 1+ kit = - [ deet| [
. ;

- e M nee(1 — (14 (ep)*ni)’?)
+on dg 32
—00 (1 + (5M)271§)

. (B4
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where hats denote the Fourier transform, i.e.

© .
?]=/ e " p(x, 1) dx,

el

and similarly for 0.
First, let us consider the limiting cases for which & = 2, and ¢ — 0. By expanding
the cosh[uk(1 + en)] and sinh[uk(1 4 en)] functions in powers of ¢, we find

_ : (epkn)*
cosh[uk(1 + en)] = cosh(uk) + eukn sinh(uk) + — cosh(uk)

+ (81L§77)3 sinh(uk)+---, (BY5)

(epkn)?
) 0

sinh[uk(1 + en)] = sinh(uk) + epkn cosh(uk sinh(uk)

(epkn)?
6

+ cosh(uk)+--- (B6)

Substituting (B 5) and (B 6) into (B 3) and (B 4), we can develop successively higher
nonlinear approximations to the water wave equations.

B.1. Quadratic nonlinear approximation-Boussinesq type
In this section we keep only quadratic nonlinear terms:

(k) + k) O(k) = —eD + KM IER G, (87)
—~ 2eu? ~
—cQ(0) + (1 + 12K8)ik) = =5 02+ 2, (B8)

where b(k) = tanh(uk)/ (k).

These equations are also consistent with the above Boussinesq system when u, &
are asymptotically small. In order to find a family of solutions to (B7) and (B8), we
employ the spectral renormalization iteration scheme.

First, we solve for 7 and Q, to find

A 1 oy 02 (1 225 - 3eln?
O(k) = — 8(1+M2k25)nQ+C8Q (14 p?k*)ckep tanh(uk)n? ¢ epn; |
7 2 2 2
(B9)
L = o 2 Wk cb(k)epn?
f?(k)=1<can+b(k)28Q _ Chepuanbplr U

where
J = J(k)=c* — (1 + u’k*6)b(k).

Following the same procedure as in § 7 we make the following change of variables:
A(k) = (), O(k) = BP(k), (B11)

where @ and B are constants independent of k to be determined by an algebraic
system found below.
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Substituting (B 11) into (B9) and (B 10), we find

P(k) = % (e(l + uk2G )y P

P2 2724 273 3002 202
N ceBP? (1 + pw’k’G)ckep tanh(uk) o’y ep’ @’y . (B12)
2 2 B 2 B

b(k)e B2P?  Ckeptanh(uk)ay?  cAbk)eplays?
5 — > - : . (B13)
o

A 1 —
v(k) = 7 (csﬁWP +

Next, multiplying (B 12) by P* and (B13) by v/*, and integrating with respect to k we
find a coupled algebraic system satisfied by o and 8. For clarity we give this system
explicitly:
2
o A
aro +axf — (a3 +614)F =||P|P, (B14)
2
bip+ b — (s + by = I, (B15)

where the L? norm is given by \|P||2 [ dk|P|* and

—

A P A
ai =/dkP*8(1+M2k25)wJ, azz/dkP*

ceP?
2J

ke tanh(uk)(1 + 12K26) 92 . eyl
@ — /dkpcwan(u)( + 1 J)w,a4:/dk* l“ﬁs’

P
2J 2J
.. YP / ~. b(k)e P2
b / el T b= [ anpr 0T
2kthk2 . 2b(k)epty?
by = /dkw £u tanh(uk)y b4=/dk1/,*c(2);‘w$_

We then iterate (B 12), (B13), (B 14), (B 15), as follows:

~ 1 —
Pn+1(k) = 7 8(1 + &Mzkz)anl//npn

n 68,3,,7’? _ ckep tanh(uk)(1 + &1k %217 B Seu? Olﬁ\/fng

> > 6~ 2 5 0 B9

bk)e P2 ckeptanh(puk)e, ¥ b(k)splan

n-n

2 a, 2 2 :
(B17)

~ 1 —
wnﬂ(k) = 7 ceBua Py +

2

o ~
a1,y + aZnﬂn - (a3n + a4ll)Fn = ||Pn|‘2’ (B 18)

2
bln,Bn + b2n% - (b3n + b4n)an = ||wn|‘2’ (B 19)

n
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FiGure 5. Surface amplitude profile for & =2/3 and various values of u, ¢; =2, obtained
from (B7) and (B 8); theoretical values are from (A 8).

0 : ,
—u=0.1
n=02
---u=03
-1 o u=0.1, theoryl]
ot
]7)7111' 73 N
4l
5L
0.8 1.0 1.5 2.0 2.5 3.0

€1

FIGURE 6. Maximum amplitude vs. ¢; for various values of u, & =2/3, obtained from (B 7)
and (B 8); theoretical values are from (A 8).

forn=0, 1, 2.... The iteration scheme is supplemented by initial functions for Py, Qo.
As mentioned before, the schemes are relatively insensitive to the choice of the initial
functions; e.g. hyperbolic secant or Gaussian profiles are usually adequate in the case
of decaying solutions. We compare the results with those obtained by the asymptotic
analysis presented earlier — see (A 8).

In figure 5 we show typical examples of the amplitude profile n =n(x) for several
values of the small parameter p for a given wave speed ¢; =2 and surface tension
& =2/3 respectively. Figure 6 shows the maximum amplitude of 5 vs. ¢; for various
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values of the small parameter u (note: here we take c=1— ec; and u?>=¢) and
surface tension & =2/3 respectively.

B.2. One-dimensional travelling wave solutions obtained from the full water
wave equations
In this section we obtain numerical solutions from the full one-plus-one-dimensional
non-local water wave equations and compare with the Boussinesq-type equations. We

apply the same ideas outlined before, i.e. we substitute (B 11) into (B 3) and (B4), to
find

(1 + &k )uk R [BP, o] + cpuk cosh(uk) 2> [B P, af]

Ptk = B{(1 + & 112k2) sinh(1k) — c2uk cosh(uk)} : (B20)
~o o cuk [BP, ayr] + sinh(uk)Z: [BP, ay]
vk = a{(1 + & u2k?) sinh(uk) — wkc? cosh(uk)}’ (B21)
where
R = %C : dge * {cosh(uk) — cosh[uk(1 + en)]}n:

i ” —ikE f o o
+,uk /OC dée™ {sinh(uk) — sinh[uk(1 + en)]} Q(§), (B22)

1 [ _ 2 eple?n? 42 21,2
7 = _/ dee s {SQ epCn; : cz(su) Q’?g:|
2 ) 1+ (ep)n;

+6 2/30 dge_”‘gnss[l — (ewrnd)"] (B23)
oy (L4 (enpm)™
§

The iteration scheme is given by

(1 + 5,U~2k2)l/~k@1 [IBn Pny oy Wn] + C/’Lk COSh(/’Lk)*%Z [:Bn Pns anwln]

Poii(k) = : . (B24
+(k) B.{(1 + & u2k?) sinh(uk) — ¢k cosh(uk)} ( )
~ kR [Bn Pus n ] + SINh(k) R [ By Pa,s oty ]

k) = B25
V() a,{(1 + 6 u2k?) sinh(uuk) — pkc? cosh(pk): (B25)
where «, and B, satisfy the nonlinear system
/ (1 + 5M2k2)“k=@1 [ﬁn Pn, anl//n] + C/,Lk COSh(,LLk),%2 [,Bn Pm O5n¢n] ﬁ *(k) dk
B {(1 4 & n2k?) sinh(uk) — ¢k cosh(uk)} "

- / B,P(k)dk. (B26)

/ C,L;Lk%] [,Bn Pm oy wn] + smh(,u,k),%z [,Bn Pm oy wn]

o, {(1 + & p2k2) sinh(uuk) — pke? cosh(uuk)} Vo (k) dke = / [Vl (k)dk. (B27)

for n=0,1,2.... In figure 7 we show typical examples of the amplitude profile
n=n(x) for several values of the parameter u for a given wave speed c¢; =2 and
surface tension & =2/3, respectively obtained from (B 3) and (B4). Figure 8 shows
the maximum amplitude of n vs. ¢; for various values of the small parameter u
(as in §B.1 we take c=1—ec; and u>=¢) and surface tension & =2/3 respectively.
The comparisons between the curves depicting maximum amplitude of 5 vs. ¢;, show
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FiGURE 7. Surface amplitude profile for 6 =2/3 and various values of u, ¢; =2, obtained
from (B 3) and (B 4); theoretical values are obtained from (A 8).
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FIGURE 8. Maximum amplitude vs. ¢; for & =2/3 and various values of u, obtained from
(B3) and (B4); theoretical values are obtained from (A 8).

distinct differences between the quadratically nonlinear case in figure 6 and the full
water wave case in figure 8.
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